Abstract: It is well known that undershoot phenomena are inevitable for plants having real unstable zeros. In this paper, we first investigate the undershoot phenomena caused by real unstable zeros of the plant to be controlled theoretically. We then propose methods of reducing the undershoot amount for a plant with real unstable zeros by digital control. The ideas are an introduction of exponential decay factor in the performance index in optimal LQR, using piecewise constant hold instead of ZOH, and a switching gain policy. We can confirm the effectiveness by simulations.
Introduction
It is well known that if a plant has odd number of real unstable zeros, the step response from the reference input to the system output in the feedback control system must exhibit undershoot regardless of the choice of stabilizing controller '3 ' . ' ).
Such undershoot phenomena should be avoided in many practical applications. One of the typical examples is a convey crane system, which are widely used in industrial applications. The system typically is composed of a gantry moving along the rail and the load to be concent.rated in the top with mass. The payload swings can result in several control performance and safety concerns including damage to the payload and to the surrounding environment or personnel. Therefore, we need to achieve fast and reliable responses of the load with high precision positioning by controlling the gantry. Although the system dynamics of convey crane systems are similar to those for inverted pendulums, the output vectors are different 4, and we can show that the crane system has one real unstable zero. This implies that it is not so easy to control the crane system without any undershoot 5 ) .
Therefore we need to investigate the followings for control system design for plants with unstable real ZD ros:
. the possibility of finding a stabilizing controller which does not provide the undershoot how to reduce the undershoot if it is inevitable
In this paper, we will investigate the possibility of de-
The effectiveness of those methods will be confirmed by numerical simulations.
Undershoot Phenomena
This section is devoted to theoretical investigation of undershoot phenomena. By following theorem, we can show that the number of zero crossing for the step response of any SISO stable unity feedback system is greater than or equal to the number of real unstable zeros of the loop transfer function.
Let us consider an SISO unity feedback control system depicted in Fig. 1 . The problem is to regulate the output y of the system P(5) to follow a given ref- The following theorem provides a relationship between the undershoot phenomena and the number of real unstable zeros of the loop transfer function. 
\I'e can see from the mean value theorem that there exist {t9i}i=1-, such that
Note that g(0) = 0. Since h(I?;) = g(I?;), we obtain 
and (C-aCA)Ak-'b = -aCAkb < 0 hold, which imply This theorem implies that there always exists undershoot for the step response regardless of the choice of LTI stabilizing controller if there exists a real unstable zero in the plant to be controlled. Therefore, our next interests include the possibility of finding a time-varying controller such as digital control or switching controller and how to reduce the undershoot if it is inevitable. that h(t) 0 for sufficiently small t > 0. 
Undershoot Reduction by LQR Design with Exponential Time Decay Weight
In this section, we will consider continuoustime systems and introduce an linear quadratic servo design with exponential time decay weigh in order to reduce the undershoot amount. Let us consider a continuous-time plant with controllable state space representation 
If the plant has no integrator, the basic principle of the servo system design is to insert an integrator in the feedback loop as shown in Fig. 2 . We assume that Let suppose a step-type reference input is applied at t = 0. Then, for t > 0, the system dynamics can be described hy where v(t) is the output of the integrate1 in Fig. 2 Let us define error signals from the steady by
Then, it is well known that a modified satespace realization represented hy is effective for deriving the optimal servo controller gain. Acctually, if we can get the state feedback
where p = i R I F2 1 I then we can obtain the implementahle feedhack control law as follows considering steady state conditions. u(t) = -Flx(t) + F z l ( P e f -y(r))d7
Our idea of reducing the undershoot amount based on the linear quadratic servo design is to use a modified performance index with an exponential time decay rate using a weighting factor a. The performance index to be minimized is given by
The optimal control problem can be converted to the following equivalent problem by introducing new vectors
&(t) := e-ate(t)
(13)
The equivalent problem is to find a feedback control low which minimize
subject to
The introduction of the factor a > 0 emphasizes the tracking error at time when the undershoot occurs, and hence it is effective to reduce the undershoot amount. We can confirm this hy comparing with the step responses of standard LQR case as will be shown in the next section.
Digital Control with Piecewise Constant Hold (PCH)
This section is devoted to digital control design for reducing the undershoot amount. Our idea here is a combination of the discrete version of the weighted optimal linear quadratic regulator introduced in the previous section and a discrete-time controller design with piece wise constant hold (PCH). The idea of PCH is to change the inter-sample control input so as to reduce the undershoot amount. Note that using the PCH enables us to change the zero location, because the dynamics at sampling instant can he represented by
where T is the sampling period.
k-th sampling interval is given by eA'(i-t)Bpu(kr + t)dt,
li
For example, let suppose the control input u(t) in the (17) 
and Therefore, the PCH enables us to change the B matrix of the discretized plant as we wish in general if w e haw enough number of changes of the hold values. In other words, we can change the the location of zeros of the discritized plant as we wish. Let use zero order hold for the input and digitalize the plant by sampling interval T . 
Then the control input is given hy
We can see from simulations results in Fig. 4 and Table 1 that the introduction of n is again effective and confirm that the PCH method is better than the conventional method ZOH. The undershoot is smaller and the rising time is slower as a is getting large. 
Undershoot Reduction by Switching Gain
The last idea to reduce the undershoot m o u n t is using switching feedback gains. As we shown from F i g . 3 and 4, we found that the larger weighting a causes small undershoot, however the response is slower, therefore we use switching gain policy.
At beginning we use the gain which large weighting a. When the output y changes from negative value to positive value. we change the weighting by small a. However, the input given by (25) may jump, because FI and FZ are different before and after switching. Therefore we change the value of integrator, c ( r e f -y (~i ) ) as the value of u k is equal to Q +~.
Simulation results illustrated in Figs. 3 and 4 show that the switching policy might be effective to realize high performance control. We can see that the step responses have small undershoot and rapid tracking by small contrpl inputs at beginning followed by fairly large control inputs. We can apply several switching conditions, however changing at y ( t ) = 0 is very simple. 
Conclusion
In this paper, we have investigated the undershoot phenomena caused by real unstable zeros of the plant to he controlled. We have also proposed methods of reducing the undershoot amount for a plant with real unstable zeros by digital control. The ideas are an introduction of exponential decay factor in the performance index in optimal LQR, using PCH hold instead of ZOH, and a switching gain policy. We have confirmed the effectiveness by simulations.
